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INTRODUCTION

Growing interest in nonlinear phenomena in the
last few years significantly stimulates the creation of
materials that can exhibit nonlinear properties under
easily achieved experimental conditions. Graphene,
which has a structure consisting of one carbon atom
layer and a planar hexagonal lattice, is one of these
materials [1–4]. A high electron mobility in graphene
and its unique electrophysical characteristics have
attracted attention to it as one of the alternatives to the
silicon base of modern microelectronics [1–4].

Experimental studies [5] demonstrated that elec�
tromagnetic waves propagating in carbon structures
become strongly nonlinear even at relatively low fields,
which can result in the propagation of individual elec�
tromagnetic waves (which are analogs of solitons or
even are solitons) in carbon nanotubes and graphene.
These properties of carbon nanostructures have pro�
voked particular theoretical interest and attempts to
use them in nonlinear optics devices [5]. According to
the conclusions drawn in these works, nonlinearity
is caused by a change in the classical electron distri�
bution function and a nonparabolic electron disper�
sion law.

The study of phase transitions represents one of the
paradigms of modern fundamental physics. In partic�
ular, the nonequilibrium phase transition induced by
an applied field of a certain nature occupies one of the
most important places in the variety of phase transi�
tions.

It was theoretically shown in [6, 7] that a strong
electric field causes nonequilibrium phase transitions
in the electron gas of semiconductors with the body�
centered cubic lattice. This effect manifests itself in
spontaneous appearance of transverse electric field Ex,
which plays the role of an order parameter. In this
case, applied electric field Ey directed along the axis of
symmetry of a crystal is a control parameter. As shown
in those works, a necessary condition for the appear�

ance of a transverse field is the nonadditivity of an
electron spectrum, ε(p) ≠ ε(px) + ε(py) + ε(pz), where
p is the electron quasi�momentum. An electron spec�
trum in the body�centered cubic lattice becomes non�
additive,

where a is the lattice parameter.
Note that the nonadditivity condition is met in

pure graphene, whose band structure was predicted in
the middle of the 20th century [8]. However, graphene
with impurities is physically more interesting, since
graphene can easily adsorb various atoms [9] and
impurity�containing graphene has a high electron
concentration in the conduction band (which is
important for practical applications). Moreover, the
spectrum should be limited; that is, the electron
energy cannot exceed a certain value.

All these conditions are also met for graphene with
impurities; therefore, we can study the possibility of
phase transitions in impurity graphene, which should
manifest itself in the appearance of transverse compo�
nent Ex in the presence of field Ey (which plays the role
of a control parameter).

The appearance of a spontaneous transverse field is
also important in terms of modern tendencies of using
graphene as a transistor base: this spontaneous trans�
verse field will deflect electrons, which can substan�
tially affect the I–V characteristics of a graphene tran�
sistor. Therefore, the problem of studying the response
of a two�dimensional electron system with allowance
for the interaction of impurity electrons with graphene
electrons is a challenging problem.

MODEL AND BASIC EQUATIONS

It is convenient to describe the electron subsystem
of impurity�containing graphene in terms of the peri�
odic Anderson model [11] using the Hückel approxi�
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mation [12], which takes into account the dynamics of
only π electrons. This model takes into account the
kinetic energy of electrons and the energy of impurity
electrons and neglects the energies of the electrons in
inner atomic shells and the electrons involved in the
formation of σ�type chemical bonds and the energy of
atomic vibrations in a crystal lattice. The interaction
of host and impurity electrons in the model is taken
into account with a hybridization potential. This
model was successfully applied to studying the atomic
adsorption on the surfaces of metals and semiconduc�
tors [13].

For graphene, any interacting atom is an adsorbed
atom (adatom), which can be considered as an impu�
rity. A large number of works dealing with graphene
indicate that hydrogen adsorption is of particular
interest. One of the causes of deep interest consists in
the semimetal–insulator transition that occurs in
graphene at a certain hydrogen atom concentration
[14]. Therefore, it is reasonable to consider adsorbed
atomic hydrogen as an impurity.

The Hamiltonian of the periodic Anderson model
can be written in a form convenient for analyzing the
electron spectrum in graphene [11],

(1)

where ckσ( ) are the Fermi production and annihi�
lation operators for electron with wave�vector k and

spin σ in the crystal respectively; a
σ
( ) are the Fermi

production and annihilation operators for electron
with spin σ at an impurity atom, respectively; naσ =

a
σ
 is the operator of the number of impurity elec�

trons; εa is the energy of an electron at an impurity
atom; εk is the electron spectrum (band structure) of
the ideal crystal; Vka is the matrix element of the
hybridization of impurity and carbon atom states; and
U is the Coulomb energy of the interaction of electrons
at an impurity atom.

The dispersion law εk that describes the properties
of ideal graphene is well�known [8],

(2)

where γ ≈ 2.7 eV, a = 3b/2�, b = 0.142 nm is the dis�
tance between neighboring carbon atoms in graphene,
k = (px, py) is the quantum�momentum of electrons in
the Brillouin zone, and the signs before the root
belong to the conduction and valence bands. Degen�
eration at certain singular points in the Brillouin zone
of graphene at the Fermi level (0 eV) indicates con�
ducting properties of graphene [4, 8].

H εkckσ
+ ckσ

kσ

∑ εa aσ

+aσ

σ

∑
a

∑ Unaσna σ–+ +=

+ Vkackσ
+ aσ

akσ

∑ Vka* aσ

+ckσ,

akσ

∑+

ckσ
+

aσ

+

aσ

+

εk γ 1 4 apx( )
apy

3
������⎝ ⎠
⎛ ⎞coscos 4

apy

3
������⎝ ⎠
⎛ ⎞cos

2
+± ,±=

We now calculate the parameters of effective
Hamiltonian (1) using atomic hydrogen adsorbed on
the graphene surface as an example. For this type of
impurity, we have U = 0, since atomic hydrogen only
contains one electron in the valence shell.

The hybridization potential in Anderson Hamilto�
nian (1) represents the energy of an electron passing
from an impurity to the crystal. It is generally accepted
that the matrix element is Vka = V; i.e., it is indepen�
dent of wave�vector k [13]. Therefore, we propose to
estimate it using a quantum�chemical approach,
namely, as a resonance matrix element in semiempiri�
cal MNDO�based methods [12]. In this case, poten�
tial V is determined by the overlap integral of the wave
functions of the s orbital (hydrogen atom) and the pz
orbital (carbon atom),

(3)

where SHC is the overlap integral of the wave functions,
βH = –6.99 eV and βC = –7.93 eV are the resonance
parameters of the quantum�chemical semiempirical
MNDO method [12], a0 is the Bohr radius, and z is the
atomic nucleus charge. The hybridization potential
was estimated to be V = –1.43 eV.

To estimate impurity electron energy εa, researchers
use the method [13, 14] based on the fact that an ada�
tom electron undergoes repulsion from a substrate elec�
tron. As a result, the following formula is obtained [14]:

where I is the hydrogen atom ionization potential
(–13.6 eV); e is the unit charge; l = 1.2 Å is the dis�
tance from the center of adatom to the plane of its
image in the substrate, which is on the order of the
adatom atomic radius (adsorbed bond length), esti�
mated by quantum�chemical semiempirical methods;
and A is the work function of graphene (5.11 eV) [14].
The calculations by this formula give εa = –5.72 eV.

To find the spectrum of unit excitations described
by effective Hamiltonian (1), we use the mathematical
apparatus of Green’s functions [15]. For example,
equations for the Fourier transforms of single�particle
Green’s functions (hereafter, simply Green’s func�
tions) have the form
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(4)

where ω is the energy variable and the double angle
brackets designate the corresponding Green’s func�
tions.

Set of equations (4) is solved analytically owing to
the model approximations, which neglect Coulomb
correlations. As a result, an expression for the Green’s
function of the crystal lattice (where the effect of the
spin variable is neglected) with allowance for an
adsorbed atomic defect has the form

(5)

Analytical expression for Green’s function (5) of
the graphene lattice can be used to determine the elec�
tron spectrum of the crystal with an adsorbed hydro�
gen atom. Since the adsorbed atoms have the same
type, the sum in the denominator of Eq. (5) can easily
be computed. The eigenvalues of the electron energies
in the lattice with adsorbed atoms give the poles of
Green’s functions [15],

(6)

where N is the number of unit cells in the crystal and
NH is the number of hydrogen atoms adsorbed on
graphene.

Actually, the ratio NH/N determines the concentra�
tion of impurity atoms. The Anderson model is appli�
cable for the case of a low defect concentration; that is,
when the condition NH/N � 1 is met. As follows from
the general properties of the Anderson model [11], a
gap appears near the defect level in the quasiparticle
spectrum. As calculated above, impurity level εa lies
deep in the valence band; therefore, low impurity con�
centrations cannot substantially change the band
structure near the Fermi level and the properties of
graphene on the whole. However, impurities and,
hence, a gap in the valence band lead to the appear�
ance of electrons in the conduction band [19].

PHASE TRANSITION IN GRAPHENE
WITH ADSORBED HYDROGEN ATOMS

We now consider the response of a system of impu�
rity graphene layers to external electric field Ey applied
along the y axis (Fig. 1). To this end, we apply the pro�
cedure [16] tested to study the phase transitions in
graphene with substitutional defects and use the aver�
age electron method [17], according to which an elec�
tron motion equation can be written as
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(7)

where q is the electron charge.

Equation (7) can easily be solved by analytical inte�
gration with the given initial conditions

where p0x and p0y are the initial values of momentum
p = �k.

Electron velocities vx and vy in the corresponding
zones can be determined using the standard rule

According to the average electron method, we use the
definition of the current density [18] written in units of
relaxation time,

(8)

where p(t) is the solution to Eq. (7) and the relaxation
time is taken to be unity.

It is convenient to represent dispersion law (6) of
graphene with impurities in the form of the Fourier
series

In this case, the final expression for the x compo�
nent of the current density after rather simple compu�
tations has the form
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Fig. 1. Geometry of the problem.
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(9)

For a given applied electric field Ey, transverse field
Ex is determined using boundary conditions. The cir�
cuit along the x axis is assumed to be open; that is, we
have

(10)

This condition corresponds to a certain solution to
the transverse field, Ex = Ex(Ey). Equation (10) has two
solutions

(11)

At certain parameters entering into the second
equation of set (11), a transverse field spontaneously
appears in one of the two mutually perpendicular
directions. In this case, we deal with a nonequilibrium
first�order phase transition. The appearance of a
transverse field component is likely to be a simple
example of self�organization in impurity graphene.

RESULTS OF NUMERICAL ANALYSIS

The second equation of set (11) was solved numer�
ically to obtain the dependence of the transverse com�
ponent on the applied electric field, Ex = Ex(Ey).
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Figure 2 shows the typical dependence of current
density jx on Ex that is described by set (11). This
dependence demonstrates that, apart from a conven�
tional segment with a negative differential conductiv�
ity (which is characteristic of substances with a peri�
odic dispersion law), the I–V characteristic has a seg�
ment with an absolute negative conductivity, which
can be related to the nonequilibrium of the electron
system in graphene with impurities that is mainly
caused by a strongly nonparabolic dispersion law. Note
also that such a state can result in the division of a car�
bon nanotube into domains, which is beyond the
scope of this work.

Figures 3 and 4 show the dependence of transverse
field component Ex on Ey determined as a nonzero
solution to set (11). It is seen from the curves that there
are two nonzero solutions. Note that the similar
dependence on parameter εa is weak and, what is more
important, there are two nonzero solutions. As will be
shown below, one of these solutions (with a smaller
modulus) is thermodynamically unstable.

Note that a dc field appears from nonzero values,
which means that the appearing effect in terms of the
theory of phase transitions should be interpreted as a
first�order phase transition. The appearance of a dc
field can be related to the segment in the I–V charac�
teristic with an absolute negative conductivity. Since
the electron system is nonequilibrium, electrons are
redistributed in the momentum space so that the
appearing field tends to compensate for the action of a
transverse field.

Appearing spontaneous transverse electric field Ex
can be thermodynamically unstable in contrast to the
always stable solution for the circuit open in the x
direction, Ex = 0. For a stability investigation, we use
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Current, nA

Fig. 2. Current vs. field Ex at fixed field Ey (Ey = 6 ×

107 V/m).
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Fig. 3. Field Ex vs. field Ey at εa = –5.22 eV and V = –1.43 eV:
(a, c) stable solution and (b, d) unstable solution.
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the method described in [6] and introduce the func�
tion

(12)

This function is usually called a synergetic poten�
tial and plays the role of an analog of a thermodynamic
potential for nonequilibrium problems. According to
[6], the solution stability conditions are

(13)

Actually, these conditions mean that function (12)
in a certain nonequilibrium situation reaches its mini�
mum in a steady state; therefore, function Φ can be an
analog of a thermodynamic potential for nonequilib�
rium systems. For example, the dependence of
“potential” Φ on field Ex for a number of values of Ey
is shown in Fig. 5.

As follows from the calculation results, function Φ
has two minimum points and two maximum points.
Note that the maximum points correspond to the non�
zero solution to Eq. (11) with a smaller modulus and
the minimum points, to the nonzero solution with a
larger modulus. In turn, this finding means that the
solution with a larger modulus is stable. Note that the
dashed branches in Figs. 3 and 4 correspond to the
maximum of function Φ (unstable solution) and the
solid branches correspond to its minimum (stable
solution).

This transition, in which an electric field appears
spontaneously, should be attributed to a ferroelectric
type; the role of an order parameter is played by trans�

Φ Ex( ) jx Ex'( ) Ex'd

0

Ex

∫ const, Ey+ fixed.= =

dΦ
dEx

������� 0, d2Φ

dEx
2

�������� 0.>=

verse field Ex; and field Ey is an analog of temperature
(control parameter).

CONCLUSIONS

(1) We revealed the appearance of an electric field
normal to an applied electric field in graphene with
adsorbed hydrogen atoms, which can be described in
terms of the Anderson model.

(2) The spontaneously appearing electric field
depends most strongly on the matrix element of the
transition of an electron from an adsorbed atom to
graphene, namely, on the hybridization potential.

(3) An analysis of the synergetic potential demon�
strates that the appearing state with a spontaneous
transverse electric field is stable.
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